We give a complete bordism analysis of rational bordism groups of semifree circle actions on complex N -Spin manifolds. Moreover, we introduce the notion of a complex N -Spin c,t manifold and give a characterization of cobordism groups of such manifolds which we use to compute the rational bordism groups of free circle actions of type t on complex N -Spin manifolds. Furthermore, we exploit this bordism analysis to furnish a mechanism with which we investigate a description, in terms of kernels of complex elliptic genera, of the ideal I N,t * , generated by bordism classes of connected complex N -Spin manifolds admitting an effective circle action of type t, in the rational complex NSpin cobordism ring Ω U,N * ⊗ Q.
Introduction
Ochanine introduced elliptic genera in [16] . Landweber defined the classical elliptic genus of level 2 in [13] . This genus is intimately related with string theory (see, for instance, Witten [20, 21] ). The elliptic genus possesses a striking property which is its rigidity with respect to group actions. This was conjectured by Ochanine in [16] , and by Witten in [20] , where string theory arguments were used to support it. The rigidity of the elliptic genus was proved by Taubes in [18] , Bott and Taubes in [2] , and Liu in [14] .
This work involves a study of bordism groups of semifree circle actions on complex N -Spin manifolds. The motivation for this study comes from a question of Witten [19] . He was interested in the Dirac operator with coefficients in the tangent bundle of a Spin manifold. He asked if the character valued index, for a circle action on a Spin manifold, is a constant. He further suggested that the problem can be investigated via the bordism groups of circle actions on Spin manifolds. The problem becomes simpler if attention is restricted to circle actions which are semifree. In [16] , Ochanine determined the ideal in the rational Spin cobordism ring generated by bordism classes of Spin manifolds admitting a semifree circle action of odd type by finding all multiplicative genera which vanish on it.
A complex N -Spin manifold is a manifold equipped with a stable complex structure on its tangent bundle and an N -th root of the associated complex line bundle. Hirzebruch defined bordism invariants φ N for these manifolds, which take values in modular forms of level N . He also showed in his rigidity theorem that these invariants vanish if such a manifold comes equipped with an S 1 -action for which an invariant t ∈ Z/N called the "type" is non-zero (see [8] ). Here the action is not required to be compatible with the N -Spin structure; in fact, t can be thought of as the obstruction to a lift of the induced S 1 -action on the principal U (1)-bundle (determined by the stable complex structure) to its N -fold covering (determined by the N -Spin structure).
Denoting by I N,t * the ideal in the rational cobordism ring of complex N -Spin manifolds generated by connected complex N -Spin manifolds equipped with an effective S 1 -action of type t, the above can be reformulated as I N,t * ⊂ ker φ N for t ̸ ≡ 0 (mod N ). Noting that a complex N -Spin structure determines a complex n-Spin structure for n|N , it follows that I N,t * ⊂ ∩ n|N,n∤t ker φ n . In [9] , Höhn showed that the equality holds when t = 1 and based on that he conjectured that for all pairs (N, t) with N ⩾ 2 and t ̸ ≡ 0 (mod N ), we have In this work, we extend the investigation of this conjectural equation to higher values of t. In Section 2, we find a condition under which the conjecture holds true. That condition involves constructing bordism classes of complex N -Spin manifolds satisfying a certain inclusion (see Proposition 2.4). In Section 3, we give a complete bordism analysis of rational bordism groups of semifree circle actions on complex N -Spin manifolds using classical geometric techniques. In Section 4, we invoke that analysis on the exactness of the sequence (3.1) to construct bordism classes satisfying the inclusion of Proposition 2.4 and verify that the conjectural equation (1.1) holds true for all values of t with N ⩽ 9, except for the case (N, t) = (6, 3) which remains unanswered. Moreover, the technique developed in this work provides a way with which to investigate the conjectural equation for any values of N and t.
This work is part of the author's Ph.D. thesis [1] , written at Kansas State University in 2011. I would like to thank my thesis advisor, Professor Gerald Hoehn, for his ideas and several useful discussions.
up notation for the subsequent development of this article. Let M be a connected Umanifold with the principal S 1 -bundle K associated to its principal stable tangential U (n)-bundle via the determinant representation Λ n : U (n) → U (1) ∼ = S 1 . A complex N -Spin structure (or simply an N -structure) of M is a pair (E, π) consisting of a principal S 1 -bundle E over M and a covering map π : E → K (of degree N ) such that the diagram to the U -cobordism ring Ω U * , defined by forgetting the complex N -Spin structure, becomes a ring isomorphism after tensoring with the rationals Q. Now, let α : S 1 × M → M be a smooth action of circle S 1 on the connected complex N -Spin manifold M and for λ ∈ S 1 denote the differential of α(λ) on the tangent bundle τ (M ) of M by Dα(λ); then the type of the circle action α on the complex N -Spin manifold M is the unique element t ∈ Z/N Z ⊂ S 1 defined as follows: Let p ∈ K, and let γ : S 1 → K given by λ → det(Dα(λ) ⊕ id)p be a closed path. Let q be an element of E with π(q) = p. The type of the circle action α is the element t ∈ Z/N Z such that tγ
The type t of a smooth circle action on a connected complex N -Spin manifold is independent of the chosen q, but it generally depends on the chosen complex N -Spin structure. However, if [ 
, not all Chern numbers are zero, then the type of the circle action is independent of a chosen complex N -Spin structure and it is equal to the residue class modulo N of the sum of rotation numbers of any fixed point component. for which an integer representing the class of t is a divisor of N . Let t and s be two positive integers. By an abuse of notation we will also denote by t and s the equivalence classes of the integers t and s in Z/N Z, respectively. If t|s, then I
For n|N , a connected complex N -Spin manifold M with a circle action of type t ̸ ≡ 0 (mod N ) is also an n-manifold with a circle action of the type t ̸ ≡ 0 (mod n) if n∤t. So, it follows by the rigidity theorem of Hirzebruch for elliptic genera of level n (see [8, p. 58 U * ⊗ C, and let a 1 < a 2 < · · · < a n . The genus belonging to the variety V is a graded algebra homomorphism 
The universal complex elliptic genus is the genus belonging to the power series which is the solution of a certain second order differential equation defined as follows: Let S(y) = y 4 + q 1 y 3 + q 2 y 2 + q 3 y + q 4 be a standard polynomial in y with coefficients q 1 to q 4 , and let Q(
. It was shown in [9, Lemma 2.2.1] that the second order differential equation
. Furthermore, if q 1 to q 4 are assigned weights 1 to 4, then the coefficients a n of Q(x) are homogeneous polynomials of weight n in q 1 to q 4 . The universal complex elliptic genus 
Let H = {z ∈ C : Im(z) > 0} be the complex upper half plane, and let τ ∈ H. Consider the lattice L = 2πi(Zτ + Z) in C, and let α ∈ C/L be a non-zero N -division point of the associated elliptic curve. There is a unique elliptic function h(x) of L with the divisor N · (0) − N · (α) and the normalization h(
. The complex elliptic genus of level N -denoted by φ Nis the complex elliptic genus having the characteristic power series 
where S(y) = y 4 + q 1 y 3 + q 2 y 2 + q 3 y + q 4 is a polynomial of degree 4, and the coefficients q i are modular forms of weight i for Γ 1 (N ). Since the power series f (x) corresponding to φ N satisfies the differential equation (2.1) with special q i , the complex elliptic genus φ N of level N factorizes over φ ell . The second differential equation is of order 2 and has the form 1 3) where 
). This differential equation gives rise to two (depending on N ) relations R N −1 and R N +1 which are weighted homogeneous in the coefficients q 1 to q 4 of S(y). Note that the relations R N −1 and R N +1 can also be considered weighted homogeneous in the indeterminates A to D. We will denote the variety
which for each n|N , n>1 assigns to a pair (τ, n) the point (q 1 :q 2 :q 3 :q 4 ), where q 1 to q 4 are the coefficients of the polynomial S(y) of the differential equation (2.2) , is surjective to the curve C N . The images Φ(H/Γ 1 (n)) form a decomposition of C N into irreducible components. The image Φ(H/Γ 1 (n)) is independent of N (see [10, Chapter 3] ). We will denote the projection 
where the ideal P n corresponds to the irreducible component Φ(H/Γ 1 (n)) of the curve C N . The ideal P n is independent of the multiples N of n. The complex elliptic genus φ N of level N becomes the composition
where π N denotes the projection map.
Definition 2.1. For t|N , we define the ideal P N,t as the following intersection of ideals
For the first few ideals P N,t we have 
The definition of ψ N,t is independent of the chosen basis manifolds from ker φ ell , and the following situation exists in the A, B, C, D-coordinate system for CP 1, 2, 3, 4 :
corresponding to τ ∈ H/Γ 1 (n) has the parametrization:
Hence
Thus the result follows.
Now we find a condition under which the conjectural equation (1.1) is true:
. . have the same meaning as above in this section, 
be a bordism class in ker(ψ N,t ). Since by equation (2.4) 
This completes the proof.
In Section 4, we will verify the conjectural equation (1.1) for several cases of pairs (N, t), by constructing bordism classes satisfying the condition of Proposition 2.4, after we introduce certain notions and prove our main results pertaining to bordism theory of complex N -Spin manifolds with circle actions in Section 3 required for our work with proofs of those cases of the conjectural equation.
Bordism of semifree circle actions
This section is devoted to the study of smooth circle actions on complex N -Spin manifolds from the bordism theory viewpoint. A smooth circle action on a smooth manifold is called free if all its isotropy groups are the unit subgroup of S 1 and semifree if they are either S 1 or the unit subgroup of S 1 . In what follows, we will tacitly assume that a circle action on a U -manifold preserves its U -structure, and we will denote by: It was noted in [7] that the sequence
is exact, where the maps i U , j U , and ∂ U have the usual meanings (see, for instance, [7] ). Analogously, the sequence
is exact, where the maps i N , j N , and ∂ N have the same meanings as in the above sequence.
Recall from Section 2 that the type of a circle action on a connected complex N -Spin manifold is an element t of the group Z/N Z. We have the decompositions:
and
where the groups Ω
(SF ), and Ω U,N,t n (SF, F ) are defined by requiring circle actions to be of type t. Furthermore, each map in the above sequence preserves the type t of circle actions, and so the sequence (SF, F ) of the maps i N , j N , and ∂ N , respectively. The above three sequences remain exact after tensoring with the rationals Q. In particular, we will use the exactness of the sequence
to construct bordism classes satisfying the condition of Proposition 2.4, where we denote by an abuse of notation the maps i N,t ⊗ Q, j N,t ⊗ Q, and ∂ N,t ⊗ Q by i N,t , j N,t , and ∂ N,t , respectively. In the remainder of this section we will do bordism analysis to find computable characterizations of the groups Ω U,N,t n (SF, F ) ⊗ Q and Ω U,N,t n (F ) ⊗ Q needed to make calculations to construct those bordism classes. We will begin by studying the groups Ω U n (SF, F ) and Ω U,N n (SF, F ), and then we will rationalize them to find a characterization of the group Ω U,N n (SF, F ) ⊗ Q which will lead to a computable characterization of the group Ω U,N,t n (SF, F ) ⊗ Q. After that we will introduce and develop the notion of a complex N -Spin c,t structure needed to find a computable characterization of the group Ω U,N,t n (F ) ⊗ Q.
The group
In this subsection we will study the group Ω U n (SF, F ) of bordism classes of compact n-dimensional U -manifolds with semifree circle actions which are free on the boundary. Let M be a U -manifold with a semifree circle action which respects the U -structure and is free on the boundary, and X i a connected component of the fixed point set of the circle action. Then X i has a natural U -structure and the normal bundle υ(X i ) of X i in M becomes a complex vector bundle on which S 1 acts by U -structure preserving isomorphisms. Moreover, there is a decomposition of the normal bundle υ(
1 ⊂ C * acts on the complex bundles υ + i and υ − i by multiplication with λ and λ −1 , respectively (see, for instance, [9] ). In what follows we will denote a generic element
, where the complex bundles E and G of complex ranks p and q are the pullbacks of the universal bundles over the classifying spaces BU (p) and BU (q) under the first and second components of f , respectively. Consider the homomorphism
where the summation is taken over the connected components of the fixed point set.
It is a well-defined homomorphism.
Proposition 3.2. The homomorphism
is an isomorphism.
Proof. We will prove the result by exhibiting an inverse for θ. Define the homomorphism ϕ :
, where E and G are vector bundles over X of complex ranks p and q respectively, and D(E ⊕ G) is the disk bundle with respect to an equivariant metric on the vector bundle E ⊕ G. It is a well-defined homomorphism. Clearly θ • ϕ = identity and by Proposition 3.1 it follows that ϕ • θ = identity. Thus θ is an isomorphism.
The group
This subsection is devoted to studying the group Ω U,N n (SF, F ) of bordism classes of semifree circle actions on compact n-dimensional complex N -Spin manifolds which are free on the boundary. Let γ p and γ q be the universal complex vector bundles (of real ranks 2p and 2q) over BU (p) and BU (q), respectively. We denote by Ω
(Here by a complex N -Spin structure we mean a complex N -Spin structure on the stable bundle representing the U -structure.) The bordism relation between the elements of Ω 
n (SF, F ) with the given complex N -Spin structure on M denoted by s and X k−2p−2q the union of the (k − 2p − 2q)-dimensional components of the fixed point set of the circle action α. Also, denote by υ p,q the normal bundle of
where f p,q and g p,q are the classifying maps of υ + p,q and υ − p,q , respectively. It is a routine matter to see that ν is a well-defined homomorphism.
Proposition 3.3. The homomorphism
Proof. We will prove the result by showing that the homomorphism ν has an inverse.
then f and g give rise to the mapsf :
between the disk bundles which may be assumed transverse regular to the zero sections BU (p) and BU (q) of γ p and γ q , respectively. So one gets
we have that the complex N -Spin structure s induces a complex N -Spin structure π * (s) on τ (E ⊕ G) which restricts to a complex N -Spin structure on the disk bundle D(E ⊕ G). If we denote by β the complex multiplication on the bundle E and complex multiplication after inverse on G, then the assignment
From now on we will denote a generic element
by considering only a U -structure in place of a complex N -Spin structure, and the following result can be proved along the lines of Proposition 3.3.
Proposition 3.4. The homomorphism
is an isomorphism, where ν ′ has similar meaning as ν.
Next, we want to show that the bordism group Ω
whereĥ is the map from h
It is clear that ρ is a well-defined homomorphism.
Proposition 3.5. The homomorphism
Proof. We will prove the result by exhibiting an inverse for ρ. A generic element of Ω 
Clearly δ is a homomorphism and δ • ρ = identity. We need to prove that ρ • δ = identity. Observe first that
and (W, H, s) represent the same bordism class in Ω
) by constructing a bordism between them. The unit interval I = [0, 1] has a natural complex N -Spin structure corresponding to a stable U -structure (see, for instance, [9] 
. The mapsĥ and , s] and this finishes the proof.
The following result can be proved along the lines of Proposition 3.5.
Proposition 3.6. The homomorphism
) is an isomorphism, where ρ ′ has similar meaning as ρ.
We conclude this subsection by combining Proposition 3.3 with Proposition 3.5 and Proposition 3.4 with Proposition 3.6 into the following two results.
Proposition 3.7. We have an isomorphism:
ρ • ν : Ω U,N n (SF, F ) → ⊕ k+2p+2q=n Ω U,N k (D(γ p ⊕ γ q ), S(γ p ⊕ γ q )).
Proposition 3.8. We have an isomorphism:
Since a complex N -Spin bordism in the groups Ω
Proposition 3.9. The diagrams
are commutative, where vertical arrows are the forgetful homomorphisms.
Proof. Note that ν ′ and ρ ′ have the definitions similar to ν and ρ, respectively, and the vertical arrows are forgetful homomorphisms. Therefore, the result follows by using the definitions of maps involved in the diagram.
The group Ω U,N,t n
(SF, F ) ⊗ Q In this subsection we will tensor bordism groups considered in the previous two subsections with the rationals Q. It will give us more traction on those groups and will help by using the results of those sections to compute the group Ω → Ω U * is a rational isomorphism (see [9] ), therefore, we have the following result: 
Proof. The diagrams in Proposition 3.9 remain commutative after tensoring with the rationals Q. Putting them together after tensoring with Q, we get the commutative diagram
where vertical arrows are the forgetful homomorphisms and horizontal arrows are the composites of the isomorphisms from Proposition 3.9, tensored with the rationals Q. Since the right hand vertical arrow is an isomorphism by Proposition 3.10, it follows that the left hand vertical arrow is also an isomorphism. Now the following result gives a way to compute the group Ω U,N n (SF, F ) ⊗ Q.
Lemma 3.12. We have an isomorphism
with ϑ given by
where the summation is taken over the connected components of the fixed point set, and υ Proof. The result follows from Lemma 3.11 and Proposition 3.2.
Note that we have the decompositions
The type of an S 1 -action on a complex N -Spin manifold is the sum of rotation numbers of a fixed point component modulo N . Hence the summands involving t in above two decompositions correspond to each other under the isomorphism of groups in Lemma 3.12. Thus we have: Theorem 3.13. The homomorphism
Complex N -Spin
c,t structures Let N and t be two positive integers such that t|N . In this subsection we introduce the notion of a complex N -Spin c,t structure which is needed to characterize the rational complex N -Spin bordism group having a free circle action of type t. In what follows we will use the identifications U (1)
without further mention. At times we will also use S 1 and U (1) separately when it is needed to distinguish between the actions on manifolds and bundles, respectively.
Let (Z N , ·) denote the group of N -th roots of unity generated by e 2πi N . It is isomorphic to the group (Z N , +) of residue classes of integers mod N . So we note for a later use that one can identify the cohomology groups H n (X; Z N ) and H n (X; Z N ) for any space X and any nonnegative integer n. Let λ N :Û (1) → U (1) given by λ → λ 
Then we have a short exact sequence: 
Let ξ be a principal U (n)-bundle over a finite connected CW -complex B and ∆ be the associated principal bundle belonging to the determinant representation U (n) → U (1). A complex N -Spin c,t structure (or simply an N c,t -structure) on ξ is a complex N -Spin c,t structure on ∆. The notion of a complex N -Spin c,t structure is a generalization of the notion of a Spin c structure, and a complex N -Spin c,t structure becomes a complex Spin c structure if N = 2 and t = 1. We will see that every principal U (n)-bundle over a finite CW -complex admits a complex N -Spin c,1 structure. The coefficient sequence (3.2) determines the exact sequence: Proof. The bundles E 1 and E 2 can be provided with Hermitian metrics to look at the associated principal U (n)-bundles. Let u 1 , u 2 ∈ H 2 (B; Z) be two cohomology classes such that ρ N/t (c 1 (E 1 )) = tρ N/t (u 1 ) and ρ N/t (c 1 (E 2 )) = tρ N/t (u 2 ). Since
. Hence a choice of complex N -Spin c,t struc-tures on E 1 and E 2 uniquely determines a complex N -Spin c,t structure on E 1 ⊕ E 2 . Similarly, the equations ρ N/t (c 1 ( E 1 )) can be used to prove the other two cases.
The group
We define a complex N -Spin c,t manifold (or simply an N c,t -manifold ) as a Umanifold together with a complex N -Spin c,t structure on the principal U (n)-bundle belonging to its stable tangent bundle representing its U -structure. We will denote the cobordism group of n-dimensional connected closed complex N -Spin 
, wherec 1 is the first Chern class reduction mod N/t. Let ϕ N/t be the pullback, with the mapc 1 − tc 1 , of the fibra-
a trivial real line bundle, and f k is the fibration defined by f 2n := h n • (φ N/t ) n , f 2n+1 := j 2n • f 2n , where h n = q n • (π n ) 1 and q n : BU (n) → BO(2n) is the natural map belonging to "forgetting" the complex structure. A complex N -Spin c,t structure on the stable tangent bundle induces a complex N -Spin c,t -structure on the normal bundle: 
is an isomorphism after tensoring with the rationals Q.
Proof. Let T BU k denote the Thom space of the pullback of universal vector bundle
Then by Theorem 3.17 and the generalized Pontrjagin-Thom Theorem (see [17, p. 18] ) one gets:
Since the Thom space T BU k is (k − 1)-connected, therefore, by results of Serre (cf. [15, p. 207] ), after tensoring with the rationals Q, the Hurewicz homomor-
⊗ Q is an isomorphism for n + k < 2k − 1, and hence for k > n + 1. Because the map f k is induced by a complex vector bundle, the bundle f * k (γ k ) is oriented, and so we have by Thom isomor-
with the fiber K(Z N/t , 1) and H * (K (Z N/t , 1) , Q) ∼ = Q. Consequently, we have for k > n + 1 that
The last isomorphism is by the Künneth theorem. Since one has
and also Ω
, therefore, by using the previous arguments and applying the Serre theorem and the Thom isomorphism we get
More precisely, now we have that the forgetful homomorphism is also a rational isomorphism.
The group Ω U,N,t n (F ) ⊗ Q
This subsection is devoted to finding a computable characterization of the rational bordism group Ω U,N,t n (F ) ⊗ Q of n-dimensional closed complex N -Spin manifolds with free circle actions of type t for t|N , which appears in the exact sequence (3.1). Proof. Let the complex N -Spin structure on M be given by the following commutative diagram:
where K is the U (1)-bundle associated to the stable tangent bundle representing the U -structure on M , E is aÛ (1)-bundle, and f is the N -covering map.
Suppose that the circle action α has type t. Then the connected N/t-coveringŜ 1 of S 1 acts freely on E and commutes with the rightÛ (1)-action on E, and is compatible with f : E → K. Define an actionα ofÛ (1) ×Ŝ 1 on E by sending (x, (g, λ)) to λ −1 xg, where x ∈ E, g ∈Û (1), and λ ∈Ŝ 1 . This is a free action ofÛ (1) ×Ŝ 1 on E and it induces a free action of U N,c,t on E. Moreover, the composition π
1 is the orbit projection. The map µ is equivariant, and we have the following commutative diagram:
So we have a complex N -Spin c,t structure on K/S 1 and hence on M/S 1 . Conversely assume that a complex N -Spin c,t structure on M/S 1 induced by the complex N -Spin structure on M is given by the following diagram:
where µ sends an element x of E to the element (π(f (x)), p(x)) of K/S 1 × M . Let us consider the following commutative pullback diagram:
, coincides with the given complex N -Spin structure on M . We need to show that the circle action α is of type t. Let x ∈ E and the map
induced by α be given by
Also, defineα
where [1, 
. Thus the circle action α is of type t.
The above proposition can be translated in terms of bordism language as follows.
Lemma 3.20. For t ̸ = 0 and t|N , we have an isomorphism
given by
A direct consequence of Theorem 3.18 and Lemma 3.20 is: 
is an isomorphism after tensoring with the rationals Q, where f is the classifying map of
Applications
In this section we will discuss a few applications of the theory developed in the previous section to explore the ideal I N,t * in the rational bordism ring Ω U,N * ⊗ Q generated by bordism classes of complex N -Spin manifolds admitting an effective circle action of type t. We will find a condition to determine the ideal I N,t * and make computations to show that the condition holds true for several values of N and t, and thereby verify the conjectural equation (1.1) for those values of N and t. More precisely, we will see that the conjectural equation holds true for all values of t with N ⩽ 9, except for case (N, t) = (6, 3) which remains undetermined.
Exact sequence
In this subsection we will set up a general framework for computations to explore the ideal I N,t * by exploiting characterizations, obtained in the previous section, of the bordism groups in the exact sequence (3.1).
Composing the isomorphisms obtained from Theorem 3.13 and Theorem 3.21 suitably with the maps i N,t , j N,t , and ∂ N,t of the exact sequence (3.1) we get mapsī N,t , j N,t , and∂ N,t , respectively, which we will denote with an abuse of notation simply by i N,t , j N,t and ∂ N,t , respectively. Thus we have:
Now we recall from [9] , a few details about the complex twisted projective bundles needed for the subsequent development of this article. Let E and G be two complex vector bundles of rank p and q over a U -manifold B, respectively. The U -structure on B and the complex structure on E ⊕ G provide a U -structure σ
on E ⊕ G σ G G B and -after a choice of Hermitian metric -on the disk bundle
D(E ⊕ G), and the sphere bundle S(E
This S 1 -action restricted to S(E ⊕ G) is free and respects the U -structure. The quotient S(E ⊕ G)/α as a differentiable manifold is the complex projective bundle CP(E ⊕ G), where G is the complex bundle conjugate to G. The twisted projective bundle CP(E ⊕ G) of two complex vector bundles E and G over a U -manifold B is defined as the bundle CP(E ⊕ G) with the stably almost complex structure τ (
), where S * is the dual bundle of the tautological line bundle S, and π : CP(E ⊕ G) → B is the projection map. The orientation of CP(E ⊕ G) induced by this "twisted" stably almost complex structure is (−1) q times the usual orientation of CP(E ⊕ G). The cohomology of CP(E ⊕ G) is the cohomology of CP(E ⊕ G): 
, therefore, the equation
Lemma 4.2. If there exist bordism classes
then we have
By the exactness of sequence in Lemma 4.1, there exists a [ 
The result follows by Proposition 2.4.
The ideals I N,t *
In this subsection we study the ideal I N,t * in the ring Ω N,t ⊗ Q generated by bordism classes of complex N -Spin manifolds with an effective circle action of type t. More precisely, we verify the conjectural equation (1.1) for several values of N and t by constructing bordism classes of manifolds satisfying the sufficient condition of Lemma 4.2. We begin the case N = 4 and t = 2 with an explicit proof including details of its various important steps to present the general technique which will work for higher values of N and t, as well. 
We intend to compute its kernel. Let E i and G i be complex vector bundles over Umanifold B i , 1 ⩽ i ⩽ 4, where B 1 and B 2 are zero dimensional U -manifolds with the number of elements r and s respectively, and B 3 and B 4 are 2-dimensional manifolds. If the bundles E 1 , E 2 , E 3 , E 4 are of 3, 1, 2, 0 complex ranks, and
] is a well-defined element of
) and its rational image under ∂ 4,2 is given by
(4.3) Consider the total Chern classes c( 
We intend to compute Im(ε 4,2 | ker(∂4,2) ). Let E i , G i , 1 ⩽ i ⩽ 4 be as above, then the Chern numbers of the bordism class [ ). The polynomials of degrees three and four associated to the multiplicative sequence of the genus φ ell are given by:
) and We will see that the conjectural equation (1.1) also holds true for a few higher values of N . We can give proofs for those cases of higher values of N along lines of the above proof. However, to simplify their presentation we will use the idea of , where each J n containing elements of degree n has the finite dimension, say, a n . The Hilbert-Poincaré series of J in indeterminate s is given by ∑ n∈N a n s n . We make an observation here which will be useful in formulating a simple proof of the conjecture for a few higher values of N : Let J ′ ⊂ J be an inclusion of graded ideals in C[A, B, C, D], and let J be generated by a finite number of elements with the highest degree of its generators equal to n 0 . If a ′ n = a n for all n ⩽ n 0 , then we have J ′ = J. From now on we will be more specific about notations of maps ε N,t and ∂ N,t , and will denote them by ε Table 1 . The dimensions d ′ n are made bold and given in Table 1 only when they differ from the dimensions d n . The entries in the table containing zeros are kept empty. Now we will use the highest degree of generators of P N,t to obtain the following result. In most cases we can verify that P N,t is generated by three elements whose degrees can be determined. But we will not need to use this fact in the proof, however, we will discuss it later for extra information. Proof. The highest degrees of generators of P 6,2 , P 8,2 , P 8, 4 , and P 9,3 are 8, 12, 9, and 12, respectively. 
